Abstract Previous formulation methods offered for capacitated hub location problem, including deterministic models and seasonal optimization, were ineffective under uncertainty. The former might to lead to sub-optimal solutions in case of significant fluctuations in problem parameters and the latter was not practical due to offering different networks while hub location might be a strategic problem requiring one firm solution. In this paper multiple allocation capacitated hub location problem was formulated by a minimax regret model, considering uncertainty factors in setup cost and demand. A computational analysis was performed to investigate the impacts of uncertainty on location of the hubs. The results indicated the importance of the formulation technique in modeling hub location problems from a realistic viewpoint by incorporating different sources of uncertainty. Analyzing a case study derived from an industrial food production company demonstrated the efficiency of the formulation techniques to meet the challenge of companies with seasonal demands and uncertain setup cost by providing a firm strategic solution to be implemented throughout the year.
Introduction
Hub networks are one of the most common types of logistic systems serving urban transportation, airline networks, communication systems, and cargo networks. The basic characteristic of hub networks is that products are routed through a subset of the connections between nodes instead of being routed through direct connections from the origin to the destination. Hub networks configuration suggest using a set of hubs and spokes for connecting different origins and destinations. Different industries make use of hubs to deal with logistics activities in a more productive way by reducing direct transportation paths. Drawing an analogy might be helpful to clarify the essentiality of hub networks. A complete graph with K nodes has K × (K − 1) edges, while all the nodes can be connected to each other by having a central node (hub) being connected to all the other peripheral nodes (spokes) which reduces the number of edges to 2 × (K − 1). So the connectivity can be achieved by utilizing fewer resources more productively. That is where the hub location problem originated from; the challenge of deciding upon location of the hubs for obtaining an efficient logistic network. The communication industry seems to be the first platform for using hubs, while decades has passed since hubs networks were institutionalized in logis-tics systems, transportation industry, air cargos, and postal services. Nowadays, hub network design is a common practice for wholesalers, distribution companies, and food production industries whose main objective is enhancing transportation and logistics activities. The main objective in a common hub location problem is to minimize the total costs of establishing hubs and transporting products between hubs and spokes. Hub location problems are categorized into two subsets of capacitated and uncapacitated problems such that the former embodies most of the realworld problems. After hub location problem was introduced, subsequent problems like p-median, p-hub center, and hub covering problems were emerged to address different challenges of industry in terms of facility location. The principal purpose of p-median is to locate a number of hubs in the network so that the total transportation cost is minimized. The second problem, p-hub center, aims to optimize location of the hubs and allocation of nodes such that the major routes in the network are minimized. In the hub covering problem, minimizing the total cost by finding the optimal location of the nodes and their corresponding allocation shapes the question while the number of hubs is not known. Such a problem introduces limits of coverage as the number of nodes that are connected to a hub is limited. Equally relevant to the problem type, main objective, and the decision variables are the questions of single and multiple network allocation patterns i.e. whether the spokes are to be connected to one hub or multiple hubs. The hub location problem (HLP) was first posed by OKelly in 1986 [19] . The author introduced Single-HLP concerning assignment of the appropriate location to the hub and its connection to the spokes while there was no cost for hub establishment and it had infinite capacity. He then used a mathematical model to formolise another location problem on hub airline network [20] . The basic model made progress towards P-HLP, a quadratic model, incorporating a number of hubs with direct transportation routes [3] . The proceeding linear model was then developed as p-median location problem by Campbell in 1991 in which each spoke could be connected to more than one hub [5] . A more complex mathematical model for multi allocation hub location problem was also presented by Campbell [6] embodying real world assumptions such as fixed cost for connecting spokes to hubs, minimum flow, and capacity of nodes. Although most of the hub location models developed assumed potential locations for the hubs in a discrete space, there were early research studies relaxing this assumption and considering a continuous space [4, 18] . As the logistic operations got more complicated, new problems emerged with different objective functions, mathematical modeling, and solution techniques. Costa et al. developed hub location problem with infinite capacity, a multi-objective hub network design to minimize the total costs of product flow among the nodes as well as the product processing time in the hubs [14] . The taxonomy of HLP offered four ramifications of hub location problems including Capacitated p-Median Problem [22] , HLP with star network structure [25, 26] , p-hub center problem [7, 8] , and p-hub covering problem [16] . Different solution methods were developed to handle HLPs with distinctive computational advantages like zero-one quadratic programming by which large problems can be simply linearized [15, 23] . For a more detailed review of HLP literature one may refer to two highly cited papers [1, 13] . In the pioneering articles the parameters were assumed to be deterministic though it was not a realistic approach. Some examples of research on HLP with a more realistic approach toward the model definition are as it follows. Serra and Marianov developed a model for locating hubs in the network of air transportation by formulating a M/D/c queuing system [17] . The same research field is also investigated by Yang who provided a two-stage stochastic programming model for air transportation with uncertainty in demand [27] . In the same year Sim suggested a model considering the travel time between nodes in a stochastic environment [24] . Moreover, Contreras et al. designed a model for multiple allocation hub location problem in which uncertainty in both demands and transportation costs are accounted for [9] . More recently, Alumur presented multiple allocation and single allocation hub location problem considering uncertainty factors in demand and setup costs [2] . In the real world problems capacity constraints are an indispensable component of hub location mathematical modeling. However, to the best of our knowledge there was no published research on the investigation of uncertainty impact on hub location problem with capacity constraints. In this study, a novel mathematical model was proposed to question this hypothesis whether deterministic modeling and seasonal optimization can be sound measures for obtaining the optimal location of the hubs or not. As stated earlier hub location is an essential part of the strategic planning for distribution companies having far-reaching effects on their operational issues and productivity. On the other hand, logistic activities are changing within time while the data used in hub network designed might be outdated by the time of network utilization. Therefore, some of the parameters required for designing the network may not be accurately determined. The most common uncertain parameters are costs, distances, demands and the like. Inobservance to the uncertainty of parameters may lead to obtaining sub-optimal network designs when the determinant input parameters are changed. The reasons behind uncertainty of such parameters are as follows. The volatility of costs for initial procurement such as land, industrial equipment, and raw materials makes the setup cost uncertain. Although, the demand can be predicted by a simple market research, the lag time between designing the network and its actual utilization makes any prediction outdated especially for the case of timedependent demands like seasonal goods. This issue indicates that uncertainty should also be considered for demand parameters. Sometimes uncertain parameters follow a familiar probability distribution which needs stochastic optimization and there are times when the data is not fit to familiar distributions which require robust programming to take uncertainty into consideration. In both cases considering different scenarios in a discrete probabilistic space would take the uncertainty of parameters into account [2] . This research aimed to investigate the effect of uncertainty on the solution obtained from different modeling techniques previously proposed by the contemporary researchers. It basically concerns different approaches toward the formulation of a typical hub location problem with comprehensive uncertainty factors and capacity constraints. The structure of rest of the paper is as it follows. Section 2 presents a deterministic model to introduce the mathematical modeling foundation. Section 3 suggests a more sophisticated optimization model with uncertain parameters. The efficiency of optimization model is evaluated in the 4th Section by analyzing a numerical example. Finally, a practical case is discussed in Section 5 to demonstrate the effectiveness of the proposed model in solving real world problems.
Basic Model
Optimizing the location of the hubs in a logistic system has prospective impact on total cost making it a crucial strategic decision making process. As an attempt to deal with lack of precise information on the operational parameters of the logistic network, minimax regret model can be deployed. A quick review on the current literature of hub location revealed the presence of research studies on hub location problems with capacity constraints [10] [11] [12] . However, the capacitated hub location literature suffered from lack of realistic views towards uncertainty that can be obtained by developing stochastic programming and robust optimization models. This study suggested a novel modeling approach with four linear constraints to offer a more realistic view towards uncertainty in demand and setup costs. As mentioned earlier, the foundation of optimization model was first introduced by replicating a deterministic model originally developed by Campbell [6] and then the main minimax regret model was introduced to analyze multiple allocation capacitated hub location problem in a complete graph where there was no direct links between the spokes. The total cost was structured in a way that it included setup costs for hubs and three types of transportation costs including collection costs for spoke-to-hub, distribution costs for hub-to-hub, and transfer costs for hubto-spoke. Adapting from a deterministic model proposed in a highly cited study [6] , the basic model notation was stated in Table 1 . Accordingly, the transportation cost is formulated in Eq. (1).
Thus, the multiple allocation capacitated hub location problem is formulated as it follows in (2) to (7): 
Flow routed from node i ∈ N to node j ∈ N C ijkm The transportation cost from node i ∈ N to node j ∈ N via the hubs k ∈ N and m ∈ N Γ k
The capacity of node k ∈ N if a hub is located there
In this formulation, x ijkm stud for the decision variable and y k represented a binary variable showing whether node k is a hub by taking one, or it is a spoke by taking zero. Eq. (3) and (4) ensured that the flow passes through the hubs. Eq. (5) took the capacity of the hubs into account. Finally, domain constraints were formulated in (6) and (7).
Minimax Regret Model
As already mentioned, network design is associated with uncertainty. It was assumed in this paper that the uncertainty in demand can be described by considering a limited number of scenarios. It was also assumed that in each scenario demand parameters are certain values. Moreover, uncertain behavior of setup costs is assumed to be interpretable by considering different scenarios. Deploying such scenarios alongside minimax regret programming as the modeling technique, the model will be able to tackle real world problems in an uncertain environment [2] . The minimax regret model notation was stated in Table  2 .
If Z * s is the optimum solution of the model above, as the exact scenario that will occur is not known, a minmax regret model can be considered as it follows in Eq. 14 to Eq. 20 in which the maximum regret is to be minimized as the objective function. In this mathematical model, the representation of y k was the same as before. The above model can be easily linearized by defining variable R and setting it greater than or equal to all other R s for all s ∈ S f . min max The cost of establishing a hub at node k in scenario s S w All the scenarios with different uncertain demands s ∈ S w P s The probability that scenario s ∈ S w occurs W s ij Demand routed from node i to node j in scenario s ∈ S w 
Computational Analysis
To test the model proposed in 3, the theoretical data related to air transportation for five different cities was used and the other parameters were considered as β = δ = 1 and α ∈ {0.2, 0.4, 0.6, 0.8}. Five different scenarios for uncertainty in the setup cost were designed in which F k s was selected randomly. Moreover, for analyzing the uncertainty in demands four different scenarios were selected. Probability of each scenario occurrence was 0.25. GAMS software was used to solve the numerical example. Optimum solution in different modes was represented in Table 3 in which basic deterministic model abbreviated to BDM was shown in the first row, four scenarios of the stochastic model were presented in the next rows according to four different values assumed for cost of land represented by s f , and finally minimax regret model abbreviated to MRM was demonstrated in the lowest row. The problems were solved separately based on each scenario considering minmax regret models. The solutions were compared with the solution obtained from the basic deterministic model in which setup costs and demands were set to the mean values. The second column form left side of Table 3 showed the total cost and the third column represented the optimal location of the hubs. Note that as the objective function in the represented the minmax regret solution, total cost function could not be compared with the costs of scenarios. Hence, the row for value of the minimax regret cost was left empty. As was evident in Table 3 , the optimum location of the hubs in the minimax regret model differed from the other scenarios. It could be concluded from the observation that it was better to use the minimax regret model instead of estimating costs and demands or using a deterministic scenario. No relationship was observed between the costs of setting up a hub and selecting a location for the hub. For example, node 4 had the highest setup cost, but in some problems it was selected as the optimal hub. This observation indicated that in addition to the setup cost, the demand and geographical location were also determinant factors in hub location problem.
Real-life Example
The application of the proposed model was evaluated using the data from an Iranian industrial food production company. The case of chocolate production in Shirin Asal Tabriz Co. was a known local hub location example, analyzed and referred to by other hub location researchers [21] . Rostami and associates analyzed the impact of estimated demand on the configuration of hub networks in different scenarios. According to their model, the location of hubs should change seasonally. In contrast, they left the costs of changing role of the nodes unsaid i.e. they did not consider the costs of degrading hubs into spokes and upgrading spokes into hubs as their model required so. As already discussed, HLP is a strategic decision making process and it requires an unchangeable solution as proposed by this research. As mentioned earlier, the fluctuation of prices makes hub establishment an uncertain activity in terms of monetary issues. Moreover, according to the data reported by the company, the demand for chocolate was seasonal and the setup cost was highly variable by time, making it an appropriate case to be analyzed by the proposed model of this study emphasizing on the fluctuations in demand and variability of the setup costs. The scenarios were designed by dividing the year into four seasons with equal length for demand and considering five scenarios for setup costs with 0.7F k to 1.3F k . The geographical structure of Shirin Asal Tabriz Co. market was as it follows. The main factory was located in the city of Tabriz in the north-west of Iran supporting 36 distribution points with different demand across the country. The national market can be divided into three regions namely: the west, the center and the east. The data presented in this study were related to the demand of the west side of the country with 14 nodes. The company management sought to establish hubs among these cities (14 destinations). Table 4 demonstrated the demands in each scenario. Likewise, Table 4 illustrated the capacities and the fixed costs for establishing hubs in each city. The problem was to find the best location for the hubs according to nodes capacities and uncertainty in demand and setup costs. According to the studies performed for this particular example, α = 0.4, β = 1 and δ = 1 were calculated [21] . The modeling and solution method were performed by GAMS software on a personal computer with 2.4 GHz Intel Core i5 CPU and 4 GB of RAM. To demonstrate the practical application of the proposed minimax regret model, a deterministic model (setup costs and demands are set to the mean values) was first solved and then the minimax regret model was used to analyze the practical case with respect to significant sources of uncertainties discussed. The result of solving the deterministic model was shown in the left side of Fig. 1 suggesting building two hubs in Ardebil and Kermanshah when basing the decision on mean values and ignoring the uncertainty. Accordingly, the minimax regret model offered to establish hubs in three cities of Ghazvin, Zanjan and Arak as the solution was illustrated on the map in the right side of Fig. 1 . The substantial difference between the two models showed the substantial impact of uncertainty on hub location problems. The differences in hub network designs let us argue that deterministic analysis of hub location problems suffered from capability of industrial practice in cases where there are source of uncertainty. Deterministic analysis might lead to sub-optimal hub location solutions that are counterproductive as they imposed additional costs to the company in the long term. It is also noteworthy that deploying this prospective approach leads to substantial savings by obviating the seasonal spoke-to-hub upgrades and hub-tospoke degrades suggested by Rostami and associates.
Conclusion
In this paper, multi allocation capacitated hub location problem was investigated in a setting where setup costs and demands are uncertain. A generic model was developed for considering such sources of uncertainty. The modeling technique was continued by performing a computational analysis to investigate the possible changes in the optimal location of the hub in an uncertain environment. The result showed that the optimal solution changes when the model is associated with uncertain parameters. According to the numerical example, ignoring the uncertainty may change the whole hub location solution drastically. Moreover, the industrial application of the proposed method was addressed to by discussing a case from an industrial food production company. The results obtained from solving the case study confirmed the previously drawn conclusion about significance of uncertainty and how ignoring it may lead to sub-optimal practices. There are a number of research directions that are hoped to be investigated in the near future. Firstly, one may introduce a more sophisticated problem with pervasive sources of uncertainty by parameters not necessarily following a familiar distribution function to be solved by stochastic programming and compared with the technique used in this paper. It would contribute to such an idea if the research is associated with a critical industrial-sized case of an uncertain environment. Secondly, it is suggested for further research to tackle intractable hub location problems with uncertain parameters by tailored evolutionary algorithms and analyze a practical case with large data set such as international couriers.
